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Extended abstract

In certain graphics applications, there is a need to establish a bijection between two surfaces for
texture transfer (for instance in simplification) and for discrepancy measures. Furthermore, there
is a desire to express one surface as the normal offset of another for compression, multi-resolution,
detail preservation during editing. For this, given two surfaces A and B, one associates to each
point of A a normal displacement distance (scalar field) to the corresponding point on B. The
difficulty lies in the fact that in general, such mappings are difficult or impossible to establish and,
when possible, often not very satisfactory. A natural correspondence would be to map each point
p of A onto its closest point B.n(p) on B. The normal mapping N (A, B) from A onto B associates
with each point p on A its normal projection B.n(p) on B. In general N (A, B) is not a bijection
(two different points p and q¢ on A may have the same images B.n(p) = B.n(q)) neither well defined
(the closest point of a point p on A may not be uniquely defined). The set of points p for which
B.n(p) is not unique is the medial axis M(B) of B [3]. In this work, we develop a simple condition
on A and B and prove that it guarantees that both N(A, B) and N (B, A) are bijective.
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Figure 1: Two conformal curves A and B

This condition involves the Hausdorff distance between A and B and the regularity of A and
B. The Hausdorff distance H(A, B) between A and B may be defined in terms of r-thickening.
The r-thickening Gr(A) of A is the union of all open balls of radius r and center on A. Note that
Gr(A) is the Minkowski sum of A with an open ball of radius r and center at the origin. The
r-thickening operator was used as a tool for offsetting, rounding and filleting operations [5] and
for shape simplification [6]. The Hausdorff distance, H (A, B), between two sets A and B is the
smallest radius r such that A C Gr(B) and B C Gr(A). A surface A is r-regular if every point of
it may be approached from both sides by an open ball of radius r that is disjoint from A. More
precisely, the r-thinning Sr(M) of a set M is the difference between M and the union of open balls
with center out of M and the r-filleting F'r(A) of A is defined as Sr(Gr(A)). The surface A is said
to be r-regular if F'r(A) = A [2]. Note that Fr(A) contains all points that cannot be reached by a
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ball of radius r whose interior does not interfere with A. The values r for which A is r-regular are
related to the local feature size lfs(A) [1], and defined as the minimum distance between A and its
medial axis M(A). The surface A is r-regular for all r < lfs(A).

Definition: A and B are said to be conformal (to each other) when A and B are both r-regular
forr=H(A,B)/(2-2).
The following theorem is the main result of this paper:

Theorem: If surfaces A and B are conformal, then the normal mapping N (A, B) is bijective.

Moreover, N (A, B) allows to define an explicit isotopy (i.e. a continuous deformation of A into
B) between A and B (see [4] for a precise definition). The proof of the theorem is cast in precise
mathematical formalism which allows to prove this theorem for manifolds in any dimension. We
also show that conformality is a tight condition by giving an example of two curves A and B that
are r-regular for any r < H(A, B)/(2—+/2), but not conformal, and hence N (A4, B) is not bijective
(see figure 2).

Figure 2: Two curves A and B showing that optimality is tight. Right part is a zoom of a
neigborhood of 0 : A.n(p) = A.n(q)

In summary, we have provided a sufficient and tight condition to ensure that the normal map-
ping between two smooth (n — 1)-dimensional manifolds in n-D is a bijection. The condition links
the minimum regularity of the manifolds to their Hausdorff distance.
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